L06 Asymptotically normal distributions

1. Asymptotically normal distribution

(1) Definition
X, has asymptotically normal distribution with mean p and variance-covariance matrix
Y denoted as X,, ~ AN(u, %) if X, X ~ N(p, X).
Thus X, ~ AN (p, ¥) = X,, = Op(1), E(X,,) — p and Cov(X,,) — X.
(2) Definition
For X,, ~ AN (pn, Xp,) write Y, = Ap Xy, + by, ~ AN (Appin, + bpy AnXnAL).
So Xy ~ AN (tin, Sn) = S0 2 (Xp — pin) ~ AN(0, )
— S YAX, = ) -5 X ~ N(0, 1).
Thus E[Sn *(X, — ptn)] — 0 and Cov[Sy /23X, — pin)] = 1.

2. Asymptotically normal estimators

(1) Asymptotically normal estimators
Let 511 ~ AN (9, %) with a,, — 0o be an estimator for §. Then this estimator is called
an asymptotically normal estimator. This estimator is a consistent estimator for 6.

Proof. 0, ~ AN (9 D ) — Jan (B, — 0) ~ AN(0,%) = Jan (0, — ) - N(0, I)
R — an (0, — 0) = Op(1).
But 0, — 0 = J%?[\/@(‘gn —0)] = 0p(1)Op(1) = 0p(1).
So 5 B/ RN 0, i.e, 5 L5 0. Hence é\n is a consistent estimator.
(2) Best asymptotically normal estimator

0, is a best asymptotically normal estimator for 6 if 8, ~ AN (0, CRLB(#)). The best
asymptotically normal estimator is an asymptotically efficient estimator.

~

Proof. 6, ~ AN (6, CRLB(#)) = AN (97 1—1(9))

n

By (1) 0, is a consistent estimator for 6.
bu~ AN (0, 52) = Vn(Ba —0) ~ AN(0, I7(6))
= Vall, — 0) 5 N(0, 1(9))
—  Cov[y/n(fy — 0)] — I71(0).
So @\n is an asymptotically efficient estimator for 6.
(3) Central limit theorem
X1, Xa,--- are iid with (u, X). Then % ~ AN (p %)

Comment 1: Sample mean is an asymptotically normal estimator for population mean
w. This estimator is unbiased estimator, so it is asymptotically unbiased. By (1),
this estimator is also consistent.

Comment 2: Sample mean is a best asymptotically normal estimator for population
mean if and only if ¥ = I-1(6).



3. An example

In 7.5 p208, X has pdf f(z; 0) = \/2171, 6—%(1”79)2’ x > 0, with parameter 6.

(1) Find Fisher information I(6).

We notice that x appears in the pdf in Inz. Let Y = In X. The the pdf for Y is

iy 0) = f(as 0)| 2] = e d0—0 o1 = _L_o~H00 v = L o0
where —0o <y < 00. So Y ~ N(0, 1?).
1 2
fy(y; 0) = S=em2=0 In fy (y; 0) = —3 In 27w — L(y — 6)?

I =

2n fy(y; 0) =y —0 Znfy(Y;0) =Y — 60~ N(0, 12) So I(h) = 1.

(2) Find an asymptotically normal estimator for 6.

X1,...,X, is a random sample from X. SoY; =InX;, ¢ = 1,...,n, is a random sample
from Y with mean #. Thus mean of a sample from Y is an asymptotically normal
estimator for 6.

N 1 | 1
an:y:y“L . + Yn _ nri + . + nxn: Il(mn l‘n) :ln(m---mn)l/",

0, ~ AN (9, 1).
n

(3) Show that 0, is best asymptotically normal estimator for 6.

and

6, =Y, ~ AN (6, 1) by CLT.

From 1, CRLB(0) = [nI(0)]"' =n"! = %
So 6,, ~ AN (6, CRLB(6)).

Hence @\n is best asymptotically normal estimator for 6.



LO7 Delta method

1. Taylor expansion of f(x) € R? with = € RP

(1) Taylor expansion with remainder

e 1O + [25] @ = 0) + Ry
o= : | = _
fo(2) fa(0) + [85359) } (z—0)+ Ry

where D(0) = af( ) ¢ Roxp
(2) Taylor expansion Wlthout remainder
f(x) = f(0) + D(§)(z - 0)
where £ = Az + (1 — M) for some A € (0, 1).
2. Delta method

(1) Theorem
X,€eRP, X,, ~AN (9, %) where a,, — 00 as n — 00.

g(z) € RY is a continuous vector-valued function of x € RP with continuous matrix-
valued D(z) = BBQT(? € R?*P. Then

(%) ~ AN (5(0), D)2 D7 (0))
(2) Analysis
XHNAN(H, 2)<:> ( —9) -4 N (0 ).
9(Xn) ~ AN (9(6), DOZDT(6)) <= Vaulg(Xa) = g(0)] < N (0, DO)ZDT (6))
By Taylor expansion g( ) g(8) + D( )( —0),, 9(X) —g(0) = D(&) (X, — 0).
Thus under /a, (X, —0) — N(0, ) we need to show

D(&)[van(X, — 6)] -2 N(0, D)D" (6))
3. Proof

1) X, 20
Van (X —0) -5 N(0, B) = /an(X, — 0) = 0,(1)

an—>ooz\%:0p(1)
So Xn—9=f[\/@( n —0)] = op(1).
X, 25 0 follows.



(2) & 0
En=MXn + (1 —XM)0 =&, — 0=\, (X,, — 0).
Here A\, = O,(1) and X, — 0 = 0,(1). So &, = 0p(1).

&n -2 6 follows.

(3) D(€) = D(6)

€0 = 0 and D(z) is a matrix-valued continuous function of x.
Thus D(&,) - D(6).
(4) D&)ly/an(Xn —0)] < N(0, DB)LDT(9)).

Van (X, — 0) -5 X ~ N(0, 2) Van(X, —0)\ 4 X
D(&,) -2 D(6) = < vee[D(€,)] > - <vec[D<e>]> .

= D(&)[\/an(Xn — 0)] = D()X ~ N(0, D(0)SDT(9))
Ex1: From population X ~ (u, ¥) where u € R?, by CLT X, ~ AN (,u, %)
(m;ug), D) = (2;1“ (1)>
o) (0 (o o) 200 ))
(ii) For 6 = g(u) = 1 + 3, D(p) = (1, 2p2).
So (X1 + (X3 ~ AN (0, 10,202, ) ).

Ex2: From population X ~ (u, 02), by CLT, X,, ~ AN <M7 ;)
For 0 = g(u1) = pu+ %, D(1) = 14241 So Xy, + X ~ AN (6, 1(1 + 2)202).

(i) For 0 = g(u)
SO ((Xn)l + (

><\

I =%



